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The spectra of Compton radiation emitted during electron scattering off an intense laser beam are 
calculated using the framework of strong-field quantum electrodynamics. We model these intense 
laser beams as finite length plane-wave-fronted pulses, similar to Neville and Rohrlich [Phys. Rev. 
D 3, 1692 (1971)], or as trains of such pulses. Expressions for energy and angular distributions 
of Compton photons are derived such that a comparison of both situations becomes meaningful. 
Comparing frequency distributions for both an isolated laser pulse and a laser pulse train, we find 
a very good agreement between the results for long pulse durations which breaks down however for 
ultrashort laser pulses. The dependence of angular distributions of emitted radiation on a pulse 
duration is also investigated. Pronounced asymmetries of angular distributions are found for very 
short laser pulses, which gradually disappear with increasing the number of laser field oscillations. 
Those asymmetries are attributed to asymmetries of the vector potential describing an incident laser 
beam. 

PACS numbers: 12.20.Ds, 12.90.+b, 42.55.Vc, 13.40.-f 
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I. INTRODUCTION 

Compton scattering of a laser beam with a relativistic 
electron beam has become an efficient source of highly 
polarized, intense x-ray and 7-ray radiations. These mo- 
noenergetic and tunable Compton photon beams find nu- 
merous industrial, medical, and scientific applications. In 
particular, they bring a great deal of attention in the view 
of future colliders such as the International Linear Col- 
lider (ILC) Q, the Compact Linear Collider (CLIC) 0, 
and the Super B [3| , which are planned to use the Comp- 
ton 7 rays to produce highly polarized positrons. Tak- 
ing into account those various applications and research 
interests, it becomes of great importance to predict the- 
oretically spectral and spatial distributions of Compton 
photon beams, and to control their properties using the 
incident beam parameters. 

The hypothesis of a wavelength shift of x-rays scat- 
tered by a free electron at rest has been put forward by 
Compton in Ref. |4|, and proved by himself experimen- 
tally 0. Following theoretical investigations have been 
focused on the so-called linear Compton scattering |6l4ll| . 
However, in extremely intense laser fields the scattering 
can occur in a nonlinear regime; the process known as 
the nonlinear Compton scattering. For the development 
of related theoretical studies, the reader is referred to a 
recent review by Ehlotzky and co-authors |12|. In brief, 
in a majority of works concerning the nonlinear Comp- 
ton process, the incident laser beam has been described 
as a monochromatic plane wave field which enables one 
to fully account for the electron-laser-beam interaction 
using standard methods of strong-field quantum electro- 
dynamics (QED) (see, for instance, [L3 - [l6| and references 
quoted therein). The first analysis that goes beyond the 
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monochromatic plane-wave approximation when analyz- 
ing the nonlinear Compton scattering that we are aware 
of was by Neville and Rohrlich [l7| . By generalizing the 
usual strong-field QED methods to account for a finite 
length plane-wave-fronted pulse, the authors considered 
the Compton scattering by a Klein-Gordon particle. Al- 
though the method proposed in [17| allows to consider 
QED processes in laser pulses of an arbitrary duration 
and strength it has not had a big impact until very re- 
cently. Only very few papers on the scattering of a Dirac 
particle by a shaped laser pulse can be found in the litera- 
ture. There is a paper by Narozhny and Fofanov [l8| who 
have considered a situation when a driving laser pulse 
is still sufficiently lon g to allow to simplify the problem 
significantly. In Ref. [19|], the same approach has been 
persuaded in the context of a resonant Compton scat- 
tering. However, for intense few-cycle laser pulses which 
are used nowadays in experimental setups, a more ade- 
quate treatment of the temporal structure of an incident 
laser pulse is necessary. This has been offered in very 
recent papers |20rf25j using the approach of Neville and 
Rohrlich (1711 - 

In Ref. [2fJ, Boca and Florescu have formulated the 
formalism for the nonlinear Compton scattering based 
on temporally shaped Volkov solutions for a Dirac par- 
ticle. The calculated spectral distributions of Compton 
photons were compared for different pulse shapes and 
pulse durations. In the limit of a long pulse, these re- 
sults coincide with the results of [18| showing no signif- 
icant dependence on the precise form of the laser pulse. 
On the other hand, for short laser pulses pronounced 
carrier-envelope phase effects in spectral distributions of 
the Compton photons were demonstrated in [20, [22| . A 
complementary study for single-cycle laser pulses was 
presented in |24| . whereas the emphasis on a compari- 
son with the nonlinear Thomson scattering (for reviews, 
see, for instance [H H3) was put in Refs. |2l|. |23J. [25J . 
All these theoretical works follow various related experi- 



merits. Experimentally, the nonlinear Compton scatter- 
ing of relativistic electrons by an intense laser pulse has 
been observed for the first time by Englert and Rine- 
hart [28[. In another experiment, the transition between 
the Thomson and Com pto n regimes of electron scatter- 
ing has been reported [29(. However, the most promi- 
nent experiment showing nonlinear effects in the Comp- 
ton scattering is the SLAC experiment [3Cj, |3l| in which 
the fourth harmonic of the Compton radiation was de- 
tected. 

Using the approach of Neville and Rohrlich [17[ , devel- 
oped recently by Boca and Florescu [20(, we shall con- 
sider in this paper the Compton scattering of an electron 
by a strong temporally shaped laser field. Our focus here 
is to develop new theoretical and numerical methods to 
describe the situation when the incident laser field rep- 
resents either an isolated laser pulse or a train of such 
pulses. The sensitivity of both spectral and angular dis- 
tributions of the Compton radiation to a laser pulse du- 
ration will be studied in this paper in great detail. 

Our paper is organized as follows. In Sec. UH we shall 
introduce the theory of Compton scattering of electrons 
by a temporally shaped ultrastrong laser beam. Two 
cases will be considered, when the laser beam is repre- 
sented by a train of laser pulses (Sec. Ill Ap and by an 
individual laser pulse (Sec. Ill B[) . In each case, a distri- 
bution of emitted radiation energy will be defined such 
that a comparison between the two situations is possible. 
In Sec. IIIIl we shall define a laser pulse shape that will 
be used in our numerical calculations. In Sec. IIV1 we 
will analyze frequency distributions of Compton photons 
for different pulse durations. The results for an isolated 
laser pulse, a train of laser pulses, and for a monochro- 
matic laser field will be compared. Angular distributions 
of emitted radiation for a single laser pulse will be shown 
in Sec. |V] The emphasis will be put there on asymmetries 
in angular distributions which are observed for Compton 
processes induced by ultrashort laser pulses. Sec. IVII will 
then be devoted to a summary of our results and to some 
final remarks. 

Throughout the paper, we use the following mathemat- 
ical convention and notation. In formulas, we keep H = 1, 
however our numerical results are presented in relativis- 
tic units such that c = m = 1 , where m c is the electron 
mass. We write a-b = a^b^fi — 0, 1, 2, 3) for a product of 
any two four- vectors a and b, and $, = 7 • a — j^a^ where 
7^ are the Dirac gamma matrices. In the following, the 
Einstein summation convention is used. 



II. THEORY 

Using the iS-matrix formalism, we find that in the low- 
est order of perturbation theory, the probability ampli- 



tude for the Compton process e A . — > e A + 7x<t > with 
the initial and final electron momenta and spin polariza- 



tions pi A; and j>f Af , respectively, equals 
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where Ka denotes the Compton photon momentum and 
polarization. In the above equation, 
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where V is the quantization volume, Eq is the vacuum 
electric permittivity, ujk — cK° — c\K\ (K ■ K = 0), and 
EKa = (0, £k<t) is the polarization four-vector satisfying 
the conditions, 



K ■ EKa — 0, EKa ' £Ka> 



(3) 



for a, a' — 1,2. Moreover, j£~Z „ ^ (x) (pluses indicate 
that we deal with particles of positive energy) is the ma- 
trix element of the electron current operator with its v- 
component equal to 
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Here, ipJ\ (%) 1S the so-called Volkov solution of the Dirac 
equation [32|, |33j 
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Moreover, E p = cp°, p = (p°,p), p ■ p = m 2 c 2 , and u x 
is the free-electron bispinor normalized such that 
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The four-vector potential A(k ■ x) in Eq. ([5]) represents 
an external electromagnetic radiation generated by lasers 
in the case when a transverse variation of the laser field 
in a focus is negligible. In this case, one can derive the 
exact solution to the Dirac equation coupled to the elec- 
tromagnetic field [Eq. ©], provided that k ■ A(k ■ x) = 
and k • k = 0. 

In our further discussion, we shall adopt the Coulomb 
gauge for the radiation field which means that the four- 
vector A(k-x) has the vanishing zero component and that 
the electric and magnetic fields are equal to 

S(k ■ x) = -d t A(k ■ x) = -ck°A'(k ■ x), (8) 

B(k-x) = V x A(k-x) = -kx A'(k-x), (9) 

where 'prime' means the derivative with respect to k ■ x. 
Let us also remind that the electric field generated by 
lasers has to fulfill the following condition |34| 



S(ck°t - k ■ r)dt = 0, 



(10) 



which is followed by 

lim A(ck°t~ k ■ r) = lim A(ck°t-k-r). (11) 
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In the next sections, we shall consider two cases; when 
the vector potential A(k ■ x) describes a sequence of iden- 
tical laser pulses (the so-called train of pulses, for which 
the plane wave is a particular realization) or a single laser 
pulse. Each of these situations requires a separate theo- 
retical treatment. 

A. Train of laser pulses 



In the above equation we have introduced the important 
rclativistically invariant parameter, 
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which measures the intensity of the laser field. After some 
algebraic manipulations, we find that a phase present in 
Eq. (Tl5|) equals 

S^(x)-S^(x)-K-x = fa-pt-K)-x+G(k>x), (17) 

where the so-called dressed by the laser field momentum 
has been introduced, 



Let us assume that the duration of a single pulse within 
the field is T p . This means that the electromagnetic po- 
tential can be expanded as a Fourier series with the fun- 
damental frequency u> — ck° — 2ir/T p , 
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Here, we do not account for the zero Fourier component 
since it can be eliminated by the gauge transformation of 
the vector potential. Moreover, in actual computations, 
we account only for a finite number of higher harmonics. 
Let us also remind that it is usually assumed that the 
laser field is adiabatically switched on in the remote past 
and switched off in the far future. Thus, the electron 
momentum present in Eq. ([5]) can be interpreted as the 
field-free asymptotic momentum of the electron. Having 
this in mind, we consider the most general form of the 
laser field, 

A(k -x)=A [ £l h(k ■ x) + e 2 f 2 (k ■ x)] , (13) 

in which two real four-vectors Si describe two linear po- 
larizations of the laser field such that ef = — 1, £i • £2 = 
and k ■ Si — 0. Moreover, k — k°(l,n) and the normal- 
ized to 1 vector n determines the direction of propaga- 
tion of the laser beam. Let us note that in the case of a 
pulse train, the so-called shape functions fi(<fi) are peri- 
odic functions of with the period equal to 2n. They are 
however not periodic for the case of a single laser pulse, 
as it will be discussed in the next Section. Hence, the 
probability amplitude for the Compton process equals 
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where a is the fine-structure constant, a = e 2 j \4ir£oc) , 
and 



A 



d 4 xe -KSifHx)-S l +Hx)-K-x) 



(15) 



x"l'v(l-)U 



VfAf 



2pi ■ k 



[fi(k ■ x)^^ + f 2 (k ■ x)ft 2 



x fKa( 1 + ^j~j: [hO" ' x ^i$ + fe( k ' x )h^\p 



'PiV 



- ,1, , 2 (A 2 ) + (/ 2 2 ) 

P = P+ ot^eC) 



p ■ k 



k. 



(18) 



We have found also that 
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In the above equations, we understand that 
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Since for a train of laser pulses there is no zero Fourier 
component of shape functions, we have (/j) = 0. At this 
point, let us emphasize that this is not in general true for 
a single laser pulse. 

The advantage of applying the decomposition (ITT)) con- 
sists in the fact that G{k ■ x) in Eq. (TT9")) is a periodic 
function of its argument k ■ x. Hence, we can make the 
following Fourier expansion, 
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For a monochromatic plane wave laser field, the Fourier 
A (14) coefficients G^ can be expressed in terms of the gen- 
eralized Bessel functions. For a general pulse, they are 
represented by a multiple sum over the product of many 
ordinary Bessel functions, and for this reason we do 
not present their explicit form (see, e.g., for a bichro- 
matic laser field in the context of laser-induced pair cre- 
ation |35l ] ) . Using the above series expansion we can now 
carry out the space-time integration in Eq. (|15p . This 
leads to 



A = J2 d n f 
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Performing now the integration in Eq. (|22p . which leads 
to the four-momenta conservation condition, 



Pi + iVfc - p f - if = 0, 



(24) 



we arrive at the angular distribution of energy power of 
Compton photons that with polarization a are emitted in 
the space direction % , provided that the initial electron 
has the momentum p; and the spin polarization Ai, 
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Due to the presence of the delta function, the remaining 
integrals can be performed exactly. Let us note first that 
since K = K°riK = K °(1,tik), the momentum conser- 
vation condition (l24l) leads to 
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Hence, the final dressed electron momentum pf is inde- 
pendent of K°, and 



dif°S (1) (p° + Nk° -p? - if ) = 1. 



(28) 



Moreover, 
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Multiplying the above equation by the duration of a sin- 
gle pulse T p , we obtain the energy distribution which is 
emitted in the direction uk with the polarization a per 

pulse. 
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For a monochromatic plane wave laser field, being a par- 
ticular realization of the laser pulse train, the integer N 
is interpreted as a net number of laser photons absorbed 
during the process. In a more general case of a multichro- 
matic field, the quantity NHuj, where u> = ck°, is a net 
energy absorbed from the laser field. This interpretation 
allows to define the angular and frequency distribution 
of energy emitted as Compton photons which, based on 
Eq. dSJ), is 
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If we are not interested in polarization and spin effects, 
then we sum up over a and average with respect to Ai, 
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which symbolically can be written as 

d 3 Eg\n K ;Pi) d 2 E^ N (n K ; Pi ) 
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and interpreted as the angular and frequency (since there 
is one-to-one correspondence between N and the Comp- 
ton photon frequency u>k) distribution of radiation en- 
ergy generated during the process per one laser pulse. 



B. Single laser pulse 

In this Section, we will formulate theory for the Comp- 
ton process by an isolated laser pulse. Let a pulse last for 
a period T p . This introduces the fundamental frequency 
u = 2n/T p and the laser field four-vector k — fc°(l,n), 
where u> = ck°, with a direction of the laser pulse prop- 
agation given by the unit vector n. Thus, the laser field 
potential is of the form flTB"]) , with the same meaning of 
the symbols as above. In order to interpret the momen- 
tum p in the Volkov solution ([5]) as the asymptotic mo- 
mentum of the free electron (in both the remote past and 
the far future), we assume that 

A(k ■ x) = for k ■ x < and k ■ x > 2n. (35) 



Similar to the case of a laser pulse train, we expand the 
four-vector potential A(k ■ x) in the Fourier series. This 
time, however, in order to maintain the condition (|35p . a 
constant term in the Fourier expansion can appear. Such 
a term will be absent in the electric field (|8]), so that the 
obligatory conditions, (fT0|) and ([TT]) . for the laser field can 
be satisfied. At this point let us stress that the existence 
of the zero Fourier component in (1131) may have profound 
consequences. Basically, since it leads to a non-vanishing 
(fi), a modified definition of the laser-dressed momentum 
must be introduced, 
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Since now p is polarization-dependent one may expect, 
for instance, to observe asymmetries in angular distribu- 
tions of the Compton photons. This will be discussed in 
detail in Sec. El 

Next, we have to reformulate the theory in such a way 
that it could effectively be used in numerical investiga- 
tions. To this end let us go back to the space-time integral 
(fT"5"]) . It can be expressed in term of integrals 
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with n, to = 0, 1, 2. By passing to the light-cone variables 
(Appendix \K$ we see that the integral over x~ is limited 
to the finite region, ^ x~ ^ 27r/fc°, provided that n 
and to are not simultaneously equal to 0. Hence, in or- 
der to determine numerically C^ ' ' we have to transform 
this integral to a more suitable form; this is done by ap- 
plying the Boca-Florescu transformation presented in the 
Appendix [B] We have the following correspondences: 



Q = pi - pi - K , 
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and 
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which also defines parameters hi and 6, provided that 
Q a y^ 0. We shall demonstrate below that this condition 
is always fulfilled [see, Eq. fl4"9"]) below]. Finally, applying 
Eq. (|B11[) we arrive at 

C-(o,o) = f^fa^k ■ x) + ~a 2 f 2 {k ■ x) + b[f 2 (k ■ x) 
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The next steps basically follow the procedure of Sec. Ill Al 
We make the decomposition, similar to Eq. (fTT)) . 

S^(x)-S^(x)-K-x = fa-pt-K)-x+G(k>x), (42) 
with the dressed momenta defined by Eq. (|36|). and 
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Now, after applying the Fourier decompositions (|21[) . we 
obtain D^ similar to (|2"31 with the only replacement 
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which follows from the application of the Boca-Florescu 
transformation with respect to Eq. (|4"Tj) . 

Performing the space-time integration in Eq. (|15p and 
keeping in mind that ^ x~ ^ 27r/fc°, we arrive at 
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where 
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In order to solve the momentum conservation conditions 
imposed by the three delta functions, let us introduce the 
four- vector w = p\ — K , so that 



n" - J 
Pi — Pi 



pi = w x . 
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Since the electron mass is different from zero, it follows 
from the first equation that w~ > 0, and 

(m e c) 2 -(w-) 2 + wl = K-p i | ^ (48) 
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which means that 
Q°=p?-p°-K° = p!-pj-K\\ 



-^ < 0. (49) 



This is exactly the applicability condition for the Boca- 
Florescu transformation (|B11[) . 

Since Pjy and P^ do not depend explicitly on N, and 
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emitted as Compton photons by a single pulse, or if we 
are not interested in polarization effects, 
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Here, the question arises: How to dehne the energy dis- 
tribution of Compton photons scattered by a single laser 
pulse so it is meaningful to compare it with the distribu- 
tion (|M)l ? To answer this question let us go back to Eq. 
(|45|) and note that for a very long pulse the maximum 
of | .A | 2 is achieved for Pz — P^ — 0. This allows us to 
define the effective energy N ghck° absorbed from a laser 
pulse as compared to the energy Nhck absorbed from a 
train of laser pulses such that Pm . =0, i.e., 
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Hence, we can define an analogue of (|34|) for an isolated 
laser pulse, 



d 3 Eg>(K; Pi ) dio K d 3 E^>(K;p 
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We do not present here the explicit form for the deriva- 
tive dwi<-/diV e fj which is rather lengthy and can be de- 
termined numerically in a more efficient way. The aim of 
this paper, among others, is to discuss for how long laser 
pulses two formulas given by Eqs. (|34|) and ([54)) provide 
similar results. 



III. SHAPE FUNCTIONS 

In our further investigations, we shall consider linearly 
polarized laser pulses which propagate in the z-direction 
(n = e z ), with a polarization along the x-axis (e\ = e x ). 
This means that J2{<t>) — 0, and so we shall denote the 
first shape function fi(<p) simply as f(<f>). This function 
has to be chosen such that the electric field satisfies the 
condition (fj"0|) . Moreover, we shall assume that the laser 
pulse lasts for a finite time T p . This excludes commonly 
used shape functions with envelops proportional to func- 
tions gradually decreasing in the remote past and the far 
future, like for instance the Gaussian function or some 
rational combinations of the hyperbolic functions [20l — 
23, 25] (we also exclude rectangular pulses as unphysical) . 
This will allow us to define without an ambiguity the 
number of oscillations within the pulse (as opposed, for 
instance, to Ref. [20j]). There are many possibilities for 
choosing such functions, but for the purpose of this pub- 
lication we consider the following one-parameter shape 
function, 

f'(k- X )=N AS in 2 (^-^) S m(k L -x) 
\ Zl\ osc / 

=Ar A sin 2 (— ^) sin(N osc k • x), (55) 




FIG. 1. (Color online) Laser field shape functions [defined by 
Eqs. (|55[) and (|56[) ] normalized according to Eq. (|57[). Each 
curve relates to a different number of laser field oscillations, 
namely, AW = 2 (solid blue line) , iVosc = 3 (dash-dashed red 
line), and Noa C = 4 (dash-dotted black line). 



for ^ /cl -x ^ 2ttN OSCi and otherwise. The pulse dura- 
tion equals T p = 2itN osc /ojl, hence &l = ( w l/c)(1, n) = 
N osc k. Moreover, uj-^ is the central frequency of the laser 
pulse. 

Let us mention that the shape function (|55j) determines 
both the electric and magnetic fields of the laser pulse, 
Eqs. dHJ) and ([9]), respectively. Hence, the shape function 
for the four-vector potential equals 



f(k-x) = 



k ■ x 



Wf '(<!>), 



(56) 



and vanishes for k ■ x < and k ■ x > 2ir. In Eq. (|55|) , the 
free parameter, N osc = 1,2,..., determines the number of 
oscillations within the pulse. The normalization constant 
A/a is defined such that 



((/-/o) 2 



1 

2^ 



(/(</») - /o) 2 d^ 



1 
2' 



(57) 



in order to establish the connection with the monochro- 
matic plane wave approximation. In the above equation, 
/o is the constant term in the Fourier expansion of /(</>). 
Both shape functions, f'{k-x) and f(k-x), for some small 
Af osc are presented in Fig. [TJ As one can anticipate from 



this figure, for the given values of N osc , (/) 7^ 0. How- 
ever, with increasing the number of laser field oscillations 
(/) starts to deteriorate, and finally goes to 0. Therefore, 
we expect that for sufficiently long laser pulses the energy 
spectrum of Compton photons will approach the one for 
a train of laser pulses. This will be illustrated in the next 
Section. 

We want to emphasize that the aforementioned discus- 
sion relates to a single laser pulse. For a train of pulses, 
the only difference is that the shape function for the elec- 
tric and magnetic fields, given by Eq. (|55|) . is repeated 
for all times. This means that for the pulse train, f'(k-x) 
and f(k-x) are periodic functions of their argument, with 
vanishing zero Fourier components. 



IV. FREQUENCY DISTRIBUTIONS 

We start with discussing the frequency distribution of 
Compton radiation for a given uk and for the case when 
electrons are initially at rest. For the laser field we choose 
the one generated by the TkSapphire laser with central 
frequency wl such that Kwl = 1.5eV sw 3x 10~ 6 m e c 2 (this 
corresponds approximately to wavelength 800nm). Such 
a choice is motivated by the fact that presently these are 
the most powerful lasers generating electromagnetic ra- 
diation in the visible part of the spectrum. For very long 
laser pulses, the parameter /1 introduced in (|16|) equals 1 



for the laser field intensity of the order of 10 18 W/cm . It 
is instructive to realize that nowadays intensities of the 
order of (10 20 -^10 22 ) W/cm are available experimentally 
[36j ]. and those correspond roughly to fj, ~ 7 — 70. 

In Fig. [2j we compare energy distributions of Comp- 
ton photons scattered either by a single laser pulse, Eq. 
([SI]), by a train of such pulses, Eq. (jMJ), and by a plane 
laser wave (which, in fact, is a train of pulses with a con- 
stant envelope) for the case when fj, = 1 and N osc = 16. 
We observe here a perfect agreement of the first two ap- 
proaches and a failure of the monochromatic wave ap- 
proximation. This agreement is also attained for much 
larger Compton frequencies provided that the spectra are 
plotted as functions of energy absorbed from the laser 
field (i.e., N c s for an isolated laser pulse and N for a 
train of pulses); see, the lower panel of Fig. [3j On con- 
trary, when the frequency dependence of emitted photons 
is investigated, a shift of energy spectra is observed (see, 
the upper panel of Fig. [3]). The shift is caused by a dif- 
ferent dressing of the initial and final electron momenta 
for these two cases, which we have discussed above. As 
expected, for longer pulses this discrepancy gradually dis- 
appears since the constant term in the Fourier expansion 
of the electromagnetic potential for a single pulse be- 
comes gradually smaller; this is confirmed by our results 
for even larger N osc which we, however, do not present 
here. Instead, in Fig. [4] we show frequency distributions 
of emitted photons for extremely short laser pulses such 
that there is either two or even one oscillation within the 
pulse (N osc = 2 or 1, respectively). In both these cases, 





FIG. 2. (Color online) Energy spectra, Eqs. (J34J and (f54l . 
for Compton photons emitted in the direction tik determined 
by the polar and azimuth angles 6k = 0.2 and tpK = (in 
radians). The initial electron is at rest and the laser photon 
frequency is such that /kjl =3x 10 -6 m o c 2 . The intensity of 
the laser beam is determined by /1 = 1. The solid (blue) line 
corresponds to scattering by a single laser pulse, Eq. (|54|) . 
the dashed (green) line to scattering by a train of pulses, Eq. 
(|34[) . whereas the red bullets indicate the Compton photon 
frequencies, lok = cK° in Eq. (|26[) . for integer N. The black 
pentagrams represent the energy spectrum (|34|) for a plane- 
wave, when the shape function in Eq. (|55[) is proportional to 
sin(fcL • x). In all cases iV OS c = 16. The lower panel shows the 
enlarged part of the upper one in order to prove a very good 
agreement between the results obtained for a single pulse and 
a train of such pulses. 



a significant disagreement of frequency distributions of 
Compton radiation for an individual pulse and a laser 
pulse train is observed, in addition to a pronounced dis- 
crepancy with the results obtained using the monochro- 
matic plane-wave approximation. We confirm therefore 
that for ultrashort laser pulses available these days, a pre- 
cise theoretical treatment of their temporal properties is 
indeed necessary. 

It is worth noting the existence of regular sidelobes in 
energy spectra of Compton photons, as shown in Fig. [5] 
Namely, apart from a dominating peak in the spectrum 
there are also subpeaks located asymmetrically on its 
right-hand side, i.e., for larger frequencies. The exactly 
same structure has been already observed and interpreted 
as the interference phenomenon in Ref. [21| (see, also ref- 
erences therein). 
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FIG. 3. (Color online) The same as in Fig. [2] but for larger 
frequencies (upper panel). In the upper panel, we clearly see 
the 'blue-shift' of the spectrum for Compton photons scat- 
tered by a train of pulses, as compared to those scattered by 
an individual pulse. This shift is absent, however, when the 
spectra are shown as functions of A^ff or N (lower panel). 



FIG. 4. (Color online) The same as in Fig. [2] but for very 
short pulses with iV osc = 2 (upper panel) and -/V osc = 1 (lower 
panel). Let us note that pentagrams, representing the results 
for the monochromatic plane wave, in both these panels and 
in Fig. [2] provide the same results up to multiplication by the 
number of oscillations iV osc . 



ANGULAR DISTRIBUTIONS 



In closing this Section, let us comment on the momen- 
tum dressing in strong-field QED processes. In the case 
of a monochromatic laser field, such a dressing is gained 
when separating the classical action S p (x) [Eq. (j^J)] into 
an oscillatory and a linear parts. A similar approach has 
been proposed here, even though for finite laser pulses 
the respective periodicity of a four-vector potential is 
lost. The reason that we have introduced it anyway is 
that the concept of the momentum dressing allows to de- 
fine a convenient method for performing numerical cal- 
culations. In addition, a perfect agreement between the 
results for a single laser pulse and a laser pulse train 
observed in the lower panel of Fig. [3] indicates, that the 
concept of quasi- momenta is still valid for a 16-cycle laser 
pulse such that \x = 1. As we have checked this for the 
same pulse duration but for stronger laser fields (larger 
H), this agreement starts to deteriorate and the concept 
of momenta dressing breaks down eventually. This may 
have profound consequences, particularly when analyz- 
ing the laser-induced pair creation process, as it has been 
pointed out in Ref. |37| . 



When discussing the angular distributions of Compton 
photons, it is more convenient to introduce a polar angle 
&k such that it is equal to 9k for ^ ipK ^ t, and 
Qk — 2-7T — Ok for the azimuthal angle ipK + "ft. With 
this definition, the distribution (I54[) is a periodic function 
of Qk- Usually, the angular distribution of the Compton 
radiation is a very rapidly changing function of Qk for a 
given ifK ■ These changes cannot be observed experimen- 
tally because of the finite angular resolution of detectors. 
In order to account for this fact we have to average the 
spectrum (|54[) with some function, the so-called window 
function, concentrated around a given value of the polar 
angle Qk- Let us choose the window function as 



( L 



cos6\P 



W {9)=N W 
with j3 > 0, which is normalized such that 

r 2ir 

&0W P {6) = 1. 



(58) 



(59) 



The parameter (3 defines the half-width of this function 
equal to the angular resolution of the detector. Let us as- 
sume that the angular resolution of a detector is roughly 




FIG. 5. (Color online) Angular distributions of the Compton 
radiation energy (green lines), Eq. Q54p . as functions of the 
angle Qk in the plane spanned by the laser field propagation 
direction and the polarization vector (i.e., in the iz-plane) for 
an ultrashort (Nose = 2, upper panel) and a relatively long 
(N osc = 8, lower panel) laser pulses. The laser field central 
frequency uil is such that &jl = 3 x 10~ m e c whereas /x = 1. 
The initial electron is at rest and the Compton photon energy 
equals Itujk — 10~ 2 m c c 2 . The smooth blue lines represent the 



averaged distributions, as described by Eq. ([60 



0.02-7T radians, which is achieved if j3 = 2048. Then, the 
average of a periodic function g(6) with the period 2-k is 
defined as 

r-2-n 

{g)w,{@ K )= d6We(Q K -6)g(6). (60) 
Jo 

This integration can be efficiently carried out by applying 
the Fast Fourier Transform. In our analysis, g(9) is the 
differential energy distribution (J54I) for a given wk and 
for a given azimuthal angle <pk- 

In Fig. [5J we show angular distributions of the Comp- 
ton radiation energy (green lines) which is emitted during 
electron scattering by a single laser pulse. While the up- 
per panel shows the results for an ultrashort laser pulse 
with N oac — 2, the lower panel is for a relatively long 
laser pulse such that N osc = 8. In both cases, the central 
laser frequency is such that frui^ = 3 x 10 _4 ra e c 2 , and 
/i equals 1. As before, we assume that initially the col- 
liding electron is at rest. The presented distributions 
are for a fixed energy of Compton photons such that 
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FIG. 6. (Color online) Polar plots of the (normalized to 1 and 
window-averaged) Compton photon energy distribution, Eq. 
(|60[) , as functions of Ojc for different-cycle laser pulses with 
iV osc = 2, 4, 8, and 16, as indicated under the plots. The other 
parameters are exactly the same as in Fig. [5j 



Huik = 10~ 2 m c c 2 and for ipn — 0. As was anticipated 
above, we observe very rapid oscillations of angular dis- 
tributions, and so we plot also their average (1601) which is 
represented by a blue line. For a two-cycle laser pulse, a 
strong asymmetry in angular distributions ([54")) and ([ST))) 
is observed, which is the consequence of asymmetry of the 
shape function f(cf>) with respect to the change of the po- 
larization vector direction S\ — > — S\. Let us note that in 
the current case, the shape function of the electric field 
f'(4>) does not possess such an asymmetry. This indicates 
that symmetry properties of the electromagnetic poten- 
tial (not the electric field) are responsible for symmetries 
of energy angular distributions of Compton photons. In 
Fig. [SI we present only window-averaged angular distri- 
butions ([60]) for laser pulses of different duration, namely, 
A'osc = 2, 4, 8, and 16, and for the same parameters as in 
Fig. [51 Once again, we see that the angular asymmetry of 
those distributions, dominant for very short laser pulses, 
gradually disappears with increasing the number of laser 
field oscillations A^c. For A^c = 16, the angular distri- 
bution is roughly symmetric. We would like also to note 
that the corresponding distributions for Compton scat- 
tering by positrons are similar to Figs. [5j and [6] however 
they are mirrored with respect to Qk = it- 

Let us emphasize that all the results presented here 
relate to the case when an initial electron is at rest. In 
experiments, however, we deal with a situation when in- 
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FIG. 7. (Color online) Polar plots of the normalized to 
one Compton radiation energy distribution (|54p (JujJk — 
100m c c ) as a function of Qk for 2- and 32-cycle laser pulses 
(left and right panels, respectively). Here, Huj-l — m c c 2 (in 
the electron rest frame) and fi = 10. For visual purposes, the 
rates have been raised to power O.Of. 



cident electrons move with very high kinetic energies; in 
the SLAC experiment reaching almost 50 GeV that corre- 
sponds to the Lorentz factor 7 of the order of 10 5 |30l.l3l|. 
In Refs. [30,|3l|, these energetic electrons were colliding 
with a counterpropagating laser beam to produce highly 
energetic radiation. We would like to emphasize that the 
calculations performed in this paper remain valid in the 
rest frame of the electron from the countermoving beam, 
if we scale the fundamental frequency of the laser field by 
roughly a factor of 2j. This means that for a relativistic 
electron that moves with a large Lorentz factor 7 and 
collides, for instance, with a TkSapphire laser field, the 
Doppler upshifted frequency of the laser field in the elec- 
tron rest frame can reach m c c 2 . For this reason, in Fig. [7] 
we present angular distributions of the Compton radia- 
tion for the case when in the electron rest frame the laser 
field central frequency is such that Hujl = m c c 2 , and also 
jit = 10. These distributions are for the Compton pho- 
tons of energy Hluk = 100m o c 2 (in the chosen reference 
frame) and they have been normalized to 1. Let us note 
that the probability rates of pair creation in the forward 
direction are significantly smaller (by roughly twenty or- 
ders of magnitude) than the offside lobes in angular dis- 
tributions. For visual purposes, however, we have raised 
the data to power 0.01 so even small details of the spec- 
tra become visible. While in the right panel of Fig. [7] the 
results for a 32-cycle laser pulse are presented, in the left 
panel we show the results for a much shorter pulse which 
contains only two oscillations of the laser field. Even for 
much stronger fields than considered previously, we ob- 
serve a very clear asymmetry in angular distributions of 
Compton photons for very short laser pulses. As before, 
this asymmetry is absent for long pulse durations. We 
would also like to point out that the angular distributions 
shown in Fig. [Jj have not been averaged according to the 
prescription defined by Eq. (|60p . As one can observe for 
the given parameters, there is a small angular window 
within which the Compton photons are emitted. In gen- 



that pf —p\ > K° — K" which imposes the limits on the 
scattering angle of Compton photons. In particular, in 
the electron rest frame this condition can be rewritten in 
a simple form, 



cos Qk > 1 — m e c 



'/U K - 



(61) 



Hence, we find that for the parameters specified in Fig. [7] 
{huiK = 100to c c 2 ), the Compton photons are emitted in 
a cone such that |0jc| < v2/10 radians. This agrees well 
with our numerical results. 



VI. CONCLUSIONS 

In this paper, the nonlinear Compton scattering of an 
intense laser beam by an electron has been considered. 
We have modeled the incident laser beam as a finite- 
length plane-wave-fronted laser pulse or a sequence of 
such pulses. For both cases, the frequency and angu- 
lar distributions of energy emitted as Compton photons 
have been unambiguously defined such that a comparison 
between these two cases became meaningful. The theory 
of nonlinear Compton scattering that has been developed 
here accounts for, in principle, arbitrary laser pulses (i.e., 
arbitrary pulse shapes, pulse durations, etc.) which are 
used nowadays in experiments. 

Here, we have envisaged the case when the initial elec- 
tron is at rest and it is stroked by an intense laser beam. 
Comparing situations when the laser beam is represented 
by an individual laser pulse and by a train of such pulses 
we recognized that for pulses which include several oscil- 
lations of the laser field, both approaches lead to seem- 
ingly same results for Compton radiation spectra. This 
agreement deteriorates however with decreasing duration 
of the incident pulse, and particularly for very-few-cycle 
pulses a detailed treatment of their spectral characteris- 
tic becomes important. A sensitivity of angular distribu- 
tions of emitted photons to the incoming pulse duration 
was also investigated. We found that for ultrashort laser 
pulses the respective angular distributions show asymme- 
tries which are due to asymmetries of the vector potential 
defining the incident laser beam. Those asymmetries dis- 
appear however for very long pulse durations. 
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Appendix A: Light-cone coordinates 

Throughout the paper, we apply the following defini- 
tions and notations for the light-cone coordinates. If the 
space direction is determined by a normalized to 1 space 



11 



vector n, then for an arbitrary four-vector a we introduce 
the light-cone coordinates such that 



a" = n ■ a. a = a — a" , a + = 



a° + J 



i 



a = a — a"n. 
(Al) 



With this definitions, 

a ■ b = a°b° ab = a~6+ + a+6~ - ^ ■ b ± , (A2) 



and 



d^^dx-dx+d 2 ^. (A3) 



Appendix B: Boca-Florescu transformation 

Let h(4>) be a real and integrable function which does 
not vanish only within a finite interval, $o ^ </> ^ $■ We 
define also the integral, 



H{<f>) 



duh(u) 



(Bl) 



Let us note that H{<f) is when (j> < 4>o, it is a constant 
if (f> > $ [we shall further denote this constant as H(Q) = 

J, du h(u)], and rather than that it can have any value. 
We consider the integral, 

C= fd i xe- iH(k - x) -' lQ - x , (B2) 

in which Q is an arbitrary four-vector and k satisfies the 
zero-mass on-shell relation, k ■ k = 0. Let us assume that 
k = k°(l,n), where n 2 = 1 and k° > 0. Hence, using 
the light-cone variables introduced in the Appendix \^ 
we obtain that 

C = (27r) 3 5^(Q-)S^(Q ± )I(k°,Q+), (B3) 



I(k°,Q + )= / daTe-W* X ~ )+Q x ~l (B4) 



where 



Next, we regularize this integral similar to a regulariza- 
tion introduced in Ref. [20] , 



I e (k°,Q + ) = / dx~e 



-i[H(k°x-)+Q + x-]-E\x- | 



(B5) 



so that it becomes absolutely convergent. Here, it is un- 
derstood that e > 0. By noting that 



/ 



dx-'-i{k a h(k°x-) + Q+) - esgn(aT)] 

i[H(k°x-)+Q+x-]-e\x-\ 
-t-oo 



=c -i[H(k"x-)+Q + x-]-e\ 



= 0, 



(B6) 



where sgn(x ) is the sign function, we arrive at 



iQ + I e (k°,Q + )=iP + 4 2 \ 



ith 



(B7) 



IP = -ifc° / dx-h{k°x-)e-^ kQx '^ +x ^ 



and 



4 2 > = -£ f dx^sgn(x-)c-^ H ^ 0X ' 



)+Q + x~]-e\x 



(B8) 



(B9) 



Since the integral Is is over the finite region such that 
<&°/fc° ^ x~ ^ <I>//c , we can put there e = 0. In the sec- 
ond integral we divide the integration space into three re- 
gions, (-oo,$°/fc°], [$ //fc ,$/fc°], and [$/fc°,oo). This 
leads us to 



IP =9(-<S> )e^ + ^'/ 



+0($ ) 



+ ^*o/ t .o e 



e-iQ^ 



(B10) 



e - iQ+ e + iQ H 



-(e+iQ+)*°/fc° 



*/fc° 



-e / dx-sgn(x-)e- i [ H ( fc °^)+« + ^]' £ l^l 



-$)e 



-iff(5>) 



e-i<2 H 



1-e 



( E -iQ+)*°/fc° 



e + iQ+ 



6»($)e 



-iff(*)-(e+iQ + )*/fc' 



+ ^<b/i.° £ 



£ + 1 



iO+ 



where #($) is the step function. As one can see, this 
integral in the limit when e — > vanishes provided that 
Q + 7^ 0. Since from the condition S^(Q~) we have also 
Q° = Qll, we conclude that Q+ = Q° ^ 0. Finally, we 
obtain 



^ xe -iH(k-x)-iQ-x 
k' 



15 f d 4 xh{k-x)e- iH ^ x ^- iQx , (Bll) 



which holds only if Q° ^ 0. This is an analogue of the 
transformation derived by Boca and Florescu in Ref. [2(| ■ 
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